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Numerical arrays. Under array of numbers {ai}i∈I (over I) we mean a set
of complex or real numbers indexed by a set I of arbitrary nature. In particular,
one can consider any series as array over natural numbers N.
The direct product of arrays {ai}i∈I and {bj}j∈J is defined as array of prod-
ucts {aibj}i,j∈I×J . In particular, the direct product of series forms a double
series.
Greedy sum. For a numerical array {ai}i∈I and any positive ε we define
its ε-partial sum as
∑
|ai|≥ε
ai. Such sum exists iff it contains finite number of
summands.
The limit of ε-partial sums limε→0
∑
|ai|≥ε
ai, is called the greedy sum of the
array {ai}i∈I .
The greedy sum of array {ai}i∈I is denoted by
∑
i∈I
ai
The array {ai}i∈I having the greedy sum is called greedy summable.
The greedy sum of any absolutely convergent series obviously coincides with
its usual sum. But the sum of a conditionally convergent series may differs from
its greedy sum.
The main result.
Theorem 1. If numeric arrays {ai}i∈I , {bj}j∈J and their direct product {aibj}(i,j)∈I×J
are greedy summable, then one has
∑
(i,j)∈I×J
aibj =
∑
i∈I
ai
∑
j∈J
bj (1)
The proof of the theorem 1 is based on the concept of greedy zeta-function
of array. For a given numeric array {ai}i∈I the function of complex variable
A(z) defined as
A(z) =
∑
i∈I
ai|ai|
z (2)
is called greedy zeta-function of the array. The theorem 1 and the following
equalities
ai|ai|
z · bj |bj |
z = aibj |aibj |
z (3)
immediately implies the following theorem:
1
Theorem 2. Greedy zeta-function of the direct product of two arrays is equal
to the product of their greedy zeta-functions.
On the other hand the theorem 1 represents a particular case of the theorem
2 (z = 0).
The proof of the theorem 2 is based on the theory of generalized Dirichlet
series developed by G. Hardy and M. Riesz in the book [1].
The Dirichlet series of array. By Dirichlet series we mean so called gen-
eralized Dirichlet series (see [1])., i.e. a series of the form
∞∑
n=1
cne
−λnz, (4)
where λn — exponents of series represent a monotone increasing to infinity
sequence of real numbers and coefficients of the series cn as well as the variable
z = x+ iy are complex.
For a numeric array {ai}i∈I let us define Dirichlet series
∑
cke
− lambdakz
in the following way: −λk is defined as k-th by value element of the set {ln |ai| |
i ∈ I}. In particular, −λ1 is the maximal element of the set {ln |ai| | i ∈ I}.
The coefficient ck is defined as the sum
∑
ln |ai|=−λk
ai.
Immediately from the definition follows
Lemma 1. Convergence of Dirichlet series of an array {ai}i∈I for a given value
of variable z is equivalent to existence of greedy sum
∑
i∈I
ai|ai|
z and the greedy
sum of the array is equal to the sum of corresponding Dirichlet series for z = 0.
Therefore greedy zeta-function of array coincides with its Dirichlet series.
Multiplication theorem. One defines the formal product of Dirichlet series∑
ake
−λkz and
∑
bke
−µkz as a Dirichlet series
∑
cke
−νkz such that νk = λi+µj
for some i, j and ck =
∑
λi+µj=νk
aibj .
It follows immediately from the definitions, that the Dirichlet series of the
direct product of two arrays is equal to the formal product of Dirichlet series of
the factors.
The theorem 55 of the book [1] may be formulated as follows.
Theorem 3. Let us given two convergent series
∑
ak,
∑
bk and two monotone
increasing to infinity sequences λk and µk of positive numbers. Let
∑
cke
−νkz
the formal product of Dirichlet series
∑
ake
−λkz and
∑
bke
µkz. If the series∑
ck converges then its sum is equal to the product
∑
ak
∑
bk.
To derive the theorem 1 from the above theorem let us simply apply it to the
case λk = − ln |ak|, µk = − ln |bk|. In this case the corresponding Dirichlet series
coincide with corresponding greedy sums and its formal product corresponds to
greedy sum of the direct product of arrays,
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